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Abstract 

For each type of classical Lie algebra, we list the dominant highest 
weights C for which {(; fj,i) is not a primitive pair and the weight space V^^ 
has dimension one where fii are the highest long and short roots in each 
case. These dimension one weight spaces lead to examples of nilmanifolds 
for which we cannot prove or disprove the density of closed geodesies. 

1 Introduction 

In our study [2 of the distribution of closed geodesies on nilmanifolds, we con- 
sidered manifolds arising from a Lie group N with an associated Lie algebra 

constructed from an irreducible representation of a compact semisimple Lie 
algebra go on a real finite dimensional vector space U. The nilmanifolds consid- 
ered, r\A^, are those such that T arises from a Chevalley rational structure on 
91. The main result of that study classified such nilmanifolds as having the den- 
sity of closed geodesies property if all roots of g = flg were weights of V — U"" 
with multiplicity greater than or equal to two. 

In [2] we reduce the multiplicity question to g simple, thus throughout this 
article, we will assume that g is a complex simple Lie algebra with a fixed base 
A of positive simple roots determined by a Cartan subalgebra (}. Let V = ^(A) 
denote a finite dimensional irreducible module with highest weight A. The 
multiplicity of a weight /i is defined to be the dimension of the weight space 
Vfj. C V, and is denoted i^A./j- By standard results of Lie theory (cf [8J), each 
root of g is conjugate to the highest short root fii or the highest long root H2, 
thus we can consider only these roots when finding the dimension of the weight 
spaces of interest. The results of this paper provide for each classical Lie algebra 
type, all highest weights for which the highest short or long roots give rise to 
weight spaces of dimension one when the root and weight are nonprimitive pairs 
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as defined below. The case of primitive pairs is completely answered in [5] . Thus 
this paper provides many cases in [2] for which the density of closed geodesies 
cannot be shown with the traditional methods used. These exceptional cases 
provide examples for which the distribution of closed geodesies is unknown and 
still being investigated. They may provide unique examples of nilmanifolds 
satisfying necessary conditions, but not having the density of closed geodesies. 

Definition 1.1. For q simple, define a pair (A; fi) of weights in to he prim- 
itive if (A — /i) written as the sum of simple roots has all positive integer coeffi- 
cients. 

Thus the pair (A; /x) is said to be nonprimitive if in the sum X — fj., at least 
one simple root has a zero coefficient. The weights for which the highest roots 
give rise to weight spaces of dimension one in the primitive pair case as discussed 
in [2] were found using Theorem 11.21 below which is also applied repeatedly in 
this article. 

By [T] we will be able to reduce to the primitive case to find all weight 
spaces of dimension one. Thus the following result will be the basis of our 
determination of all dominant weights A such that K\ f^^ = 1 for i = 1, 2. In the 
notation of T], Z-|_ is the set of all nonnegative integers and {oji} is the set of 
fundamental dominant weights relative to A (found in Table 1, page 69 of [S]). 
Additionally, the partial ordering of weights X y ^ means that A — /i is a linear 
combination of simple roots with nonnegative coefficients. 

Theorem 1.2 ([T], Theorem 1.3). All primitive pairs (A; /i) such that Kx^ — 1, 
up to isomorphism of Dynkin diagrams, are exhausted by the following list: 

1. An (n > I).' A = luji, /i = OiUJi where Oi G Z_|- and 

l<i<n 

{I- *"^) ^ (n+ 1)N 

l<i<n 

2. Bn (n > 2); A 

l<i<n 

3. G2: X = luj2, A* 

4. G2: X^uji, n 

For each g of classical type, we first identify those highest dominant weights 
A having the property that A 7^ /i^ and (A; /i^) is not a primitive pair for /i^, the 
highest short or long root i = 1, 2 respectively. Once we have identified such A, 
we reduce to a primitive pair by another result of [1 and then use Theorem 1 1.21 
to determine whether Kx^^. = 1. For review, we list the highest short and long 
roots in Table [HI]. 

The remainder of this paper is the proof of the following result, considering 
case by case each class of simple Lie algebra. 



= luJi, /i — a-i'-^i where Oi € is even and 

l<i<n 

' 2 

^1 

= aiLUi + a2i02 where oi, 02 G and 3Z — 1 = 1a\ + 802 
= 0. 
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Table 1: Highest short and long roots 



Classical Lie algebra type 






ai + a2 + ■ ■ ■ + an 


Bn 


ai + a2 + ■ ■ ■ + an 
ai + 2a2 ■ ■ ■ + 2a„ 


Cn 


«! + 2a2 + 2a3 + • • • + 2q;„_i + a„ 
2ai + 2q!2 + 2(33 + ■ ■ • + 2q;„_i + a„ 


Dn 


ai + 2a2 + ■ • ■ + 2a„-2 + an-i + an 


Ee 


ai + 2a2 + 2q;3 + ia^ + 2a^ + ag 


E7 


2ai + 2a2 + 803 + Aa^ + 805 + 2aQ + 07 


Es 


2ai + 3q;2 + 4q;3 + 6q!4 + Sas + 4a6 + 3^7 + 2q;8 


Fa 


Qfi + 2a2 + 3q!3 + 2a4 
2ai + 3q;2 + 4a3 + 2a4 


G2 


2ai + a2 
3ai + 2q;2 



Theorem 1.3. Consider /i = /Ltj, z = 1, 2, the highest short and long roots of q. 
All nonprimitive pairs (C; fii) such that Kq^^^ = 1, up to isomorphism of Dynkin 
diagrams are exhausted by the Table\^ 



Table 2: Theorem [Ql 



Lie algebra type 


dominant highest weight 


A-n 


ai + 2a2, 2ai + a2 (n — 2) 
ax + 2a2 + a3 (n = 3) 


Bn [n > 2) 


ai + 2q;2 + rny,a^, > 3 (n = 3) 
2ai + 2a2 ■ • • + 2q:„ 
ai + 2q;2 + 3a3 + 3a4 + • • • + 3a„ (n > 4) 


Dn {n > 4) 


2ai + 2a2 + • — h 2a„-2 + + 
ai + 2a2 + 2a3 + a^, ai + 2q;2 + as + 2a4 {n = 4) 


G2 


4q!i + 2q;2 



Before continuing, a few more definitions and the following result are nec- 
essary. For any subset S of the set of simple roots A, define 0(5*) to be the 
subalgebra of q generated by the root subspaces and for all (3 £ S. We 
define the projection map p = ps to be the natural projection of the set of 
weights of to the set of weights of 0(5*). The Lie algebra q{S) is known to be 
semisimple. 

Proposition 1.4. ^T, Proposition 2.4] 

1. Let S he a subset of simple roots. Let X A be an element such that 
the expansion of the weight (A — /i) in terms of simple roots involves only 
elements of S. Then K\,^ = K p(^x) ,p{p) ■ 
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2. Under the assumptions of part 1, let Si, ... , Sk be all the connected com- 
ponents of the set S in the Dynkin diagram of the system of positive roots, 
and let Xi = PSi{X) and /li =Ps,(m). Then Kx,^i, = ^i<i<kKx^^^-. 

In our results, since we have reduced to considering g simple, let S be the set 
of simple roots that occur with nonzero coefficients in the difference A — and 
let p = ps- We can then apply Proposition 11.41 and Theorem 11.21 to determine 
if i^p(A),p(/i) = 1- Thus for each Lie algebra and each highest weight A where 
(A; /Lt) is not a primitive pair, we must identify S and then determine ^(5*). To 
find 2{S), we can simply consider the Dynkin diagram of the root system of S. 

In many cases S = {ai} and then 0(5*) = Ai. Thus the following lemma will 
be used frequently as we continue our discussion of nonprimitive pairs. 

Lemma 1.5. Let g be of type Ai with root ol\. Then K2ai,ai — 1- 

Proof. Let A — 2ai and fi — ai. By Theorem 11.21 for the case Ai, K\^^ = 1 if 
A = luji, fi ~ aiUJi with oi G Z+ and I — ai E 2N. Since fi = ai — 2uji, oi = 2 
and since A = 2ai — Acui, I = 4. Clearly then I — ai E 2N and Kx^ = 1. □ 

In each case of classical Lie algebra, we assume the zero weight space of our 
representation V is nontrivial, as necessary in [2]. Therefore every dominant 
weight A is of the form A = ^ rniUi where must satisfy inequalities that 
arise from the conditions {X,ai) > for i = 1, . . . , n. Also rn; > for all i by 
the following lemma of [2]. 

n 

Lemma 1.6. Let /i G A+ and suppose that jj. — "^^miUi for integers {mi\. 

i=l 

Then > for all k. 

This lemma is used in the proof of the following necessary proposition, found 

■mm- 

Proposition 1.7. Let V be an irreducible q— module with nontrivial zero weight 
space Vb- Let A G A(l^)+ be the highest weight. Then 

n 

1. X — '^^piUj for suitable positive integers pi. 

i=i 

n 

2. If ^1 e A{V), then ^^ ^ 

niiai, rrii G Z. Furthermore, if fi E A'^{V), 

1=1 

then the integers {nii} are all positive. 

3. At least one root of q is a weight. 
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2 Nonprimitive pairs for A 



In this case, recall that fii = fi2 ~ fJ- ^ c^i + ■■■ + an is the dominant weight 
that is conjugate to all roots. We will find all dominant weights C such that 
C )^ /i and (C; /i) is not a primitive pair. Next we determine for which of these 
weights i^c.M — 1- 

Lemma 2.1. For g of type A„ with n > 4, there are no highest weights C such 
that C, )^ ^, (C; /i) is not a primitive pair and Kq^^^ = 1. For n = 2,3 the 
following exceptional cases occur such that Kq^^^ = 1. 

1. n = 2 (i — ai + 2q!2, C2 = 2ai + Q2 

2. n ^ 3 Cs = "1 + 2q:2 + ^3 

Lemma 2.2. If S is a set of k consecutive simple roots in An, then 0(5) = A^- 

Proof. The rank of S* is fc, and the Cartan matrix or Dynkin diagram of the 
root system is the same as that of Ak, thus proving the claim. □ 

of Lemma \2.1\ First we consider the cases n = 2, 3 and then show the general 
result for n> A. 
Case n = 2 

The weight C = ruiai +m20i2 is a dominant weight if and only if the following 
inequalities hold: 



For the highest long root = ai + a2, let C be a highest weight such that C >~ M 
and (C; m) is not primitive. Then either (a) mi = 1 or (b) m2 = 1. 

(a) First let mi = 1. Then m2 = 1 or m2 2 by the inequalities above. If 
m2 = 1, then = fi, which is ruled out. Let TO2 = 2; then C = Ci = Q!i + 2q!2- 
We find Ci — IJ. = ct2 and thus S = {a2} and 2(8) = Ai. Relabeling 02 as ai, 
the projection p : g ^ 9{S) gives p(Ci) — 2ai and p{^) ~ ai. Then by Lemma 

(b) Similarly, we find that if m2 ~ 1, then either ( ~ fi, which is ruled out, 
01 C. — (^2 — 2qi +02- In the second case C2 ^ A* = ctii and we conclude that 
iS* — {ai} and g{S) = Ai. Since p(C2) ~ 2ai and — ai, we again conclude 
that i^c2,A' = 1 bvfT31 

Case n = 3 

A weight ^ is a dominant weight if and only if the following inequalities hold. 



m2 < 2mi 
mi < 2m2 



(1) 
(2) 



m2 < 2mi 
mi + ma < 2m2 
m2 < 2m3 



(1) 
(2) 
(3) 
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In this case fi = ai + a2 + a^. Let ^ be a highest weight such that (C;a^) is 
not primitive. Then ^ = mia + 771202 + msas and one of the following must be 
true: (a) ttii = 1, (&) 7712 = 1, or (c) 7773 = 1. We will first find all such ( and 
then determine if any give K^^f^ = 1. 

(a) If ?77i = 1, then = ai + 777202 + ?77.3a3 where 7772 and 7773 satisfy the 
above inequalities. By (1), 7772 = 1 or 7772 = 2. If 7772 = 1 we use (2) to conclude 
that 7773 = 1 and thus — /i, which is ruled out. If 7772 = 2 then inequality (2) 
gives 7773 < 3 resulting in the following dominant weights ( such that(^; /i) is a 
nonprimitive pair: 

C = Ci = cti + 2a2 + "3 
C = C2 = cei + 2a2 + 2a3 
C = C3 = ai + 2a2 + 3a3 

(b) Next consider 7772 = 1. By (2), 7771 = 7773 — 1 also and ( = fi, which is 
ruled out. 

(c) Finally, let 7773 = 1. By (3), 7772 = 1 or 7772 = 2. Again, if 7772 — 1, then 
— fi, which is ruled out. If 7772 = 2, by (2) 7771 < 3 and thus we are left with 

two additional dominant weights C such that (C; fi) is not primitive: 

C = C4 = 2ai + 2q:2 + as 
C = Cb = 3ai + 2a2 + a^. 

We now determine Kq^^^ = 1 in each case. 

1. Ci ~ = Q^2- Thus 5* ~ {oi2\ and q{S) = Ai. Relabeling a2 as ai we 
obtainp(Ci) = 2ai and ~ ai. We conclude that J^^i.p = 1 by Lemma 

2. C2 — M = Q!2 + a3- Thus 5 = {q;2, 03} and 0(5') = ^2- Relabeling {a2, 013} 
as {ai,a2} we obtain ^(^2) = 2ai+2a2 andp(^) = ai+a2- According to 
Theorem II. 21 if Kq^^^ = ^p(C2).p(7i) = 1j then piCi) ~ l^^i for some positive 
integer I. We would have ^((2) = 2q!i + 2q!2 — It^i = |(2ai + ^2). Each 
weight is written as the unique sum of simple roots with positive integer 
coefRcients, so this is impossible. Thus if(;2,M 7^ 1- 

3. Cs — M = ct2 + 2a3. Thus S — {02, 013} and 0(5') = A2. Relabeling 
{02,013} as {01,02} yields piCs) = 2oi + 3o2 and p(^) = oi + 02. As 
above, this satisfies the conditions for -fC^g,^ = 1 by Theorem[L2]if ^(^3) = 
2oi+3o2 — ^(201+02) for some positive integer I. However the argument 
of (2) shows that I does not exist. Thus ^^^3,^1 ^ 1. 

4. C4 — /7 = oi + 02. Thus S = {01,02} and 0(5) = yl2. Then p(C4) = 
2oi + 2o2 and p{fJ.) =01+02 and we have the same conditions as for C2. 
Thus the same conclusion holds; Kq^^^ ^ 1. 

5. Cs - A* = 2oi + 02. Thus 5 = {01,02} and q{S) = A2. Then ^(Cs) = 
3oi + 2o2 and p{p) = oi + 02. As above, this satisfies the conditions for 
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Ki;^^f, = -^p(C5),(a') = 1 by Theorem O if p(C5) = 3ai + 2a2 = |(2ai+a2) 
for some /. However, again there is no such /. Thus Ki^^^^ ^ 1. 

Thus for n = 3, ^ = ai +2a2 +03 is the only highest weight such that (C; fi) 
is a nonprimitive pair and = 1- 
Case n > 4 

Now we consider the general case for n > 4. First we will show that ii ( y fi 
and (C; fj,) is not a primitive pair for /i = ai + • • • + a„, then C must have one of 
the following forms: 

C = Cl = C^l + ^20:2 + ^3^3 + ■ • • + TO„-ia„-l + Cin 

C = C2 = "1 + TO2Q:2 + m^as H h m„_ia„_i + m„a„ 

C = Cs = miai + 771202 + matts H h m„_iQ„_i + a„ 

where mi > 2. 

Then we will show that K^.^f^ 7^ 1 in each of these cases, allowing us to 
conclude that there are no weights ^ for n > 4 such that (C; fj,) is a nonprimitive 
pair and if^,^ = 1- 

For C = X] ''^i'^i ^ dominant weight, the following inequalities must hold: 

7712 < 2toi (1) 
77ii_i+mi+i < 2mi, 7 = 2, . . . ,71 - 1 (2) 
7n„_i < 2m„ (3) 

Lemma 2.0.1. Suppose that rrii ^ I for some i, with i = 2, ... ,71 — 1. Then 
rrii = 1 for all i = 1, . . . ,n. 

Proof. Recall that rrii > 1 for all i by Proposition 11.71 If 777^ = 1 for some 
i = 2, ... ,77 — 1, then by inequality (2), 77ii_i + 777^+1 < 2mi = 2, resulting in 
777i_i = 777i_|_i = 1. By induction on (2), then 777.; — 1 for all i. □ 

By the result above, it is clear that {Ci, C2, Cs} the only dominant weights 
^ different from /i for which (C; /x) is not a primitive pair since /i = ai + • • • + «„. 

Next we show that K(^.^^ 7^ 1 in each case. 
Case 1 Cl = Q!i +777202 + • • ■ + 777„_ia„_i + an, where rrii > 2 for 2 < 7 < 77 — 1. 

From the difference (^i — ^ ~ (7772 — 1)q;2 + • • ■ + (777„_i — l)a„_i we see 
that S = {a2, . . . , ctn-i} and then g(5) = An-2- Relabeling {02, ■ ■ ■ , an~i} as 
{ai, . . . , an-2} we obtain p(Ci) = m2ai + 7773 a2 + • • • + 77i„_iq„_2 and p{^) = 
ai + ■ ■ ■ + a.n-2- We see that is now a primitive pair. By Theorem 

[m -ft^Ci.M = Kp{Ci)M = 1 if and only if p(Ci) = lu;i = :^{in - 2)ai + (71 - 
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3)a2 + • • • + an-2) for some /. If this is 

TO2 = 
1713 = 

21 

mn-2 = 7 

?1 — 1 

I 

run-i = 

71—1 

or equivalently 

TO„_2 = 2m„_i 
TO„_3 = 3m„_i 

7712 = (n- 2)77l„„l 

Thus we conclude that rrn ^ {n — i)m„_i; i.e. {77ii}"J2"^ strictly decreasing. 
However, we have assumed that mi — 1, so by inequality (1), 7712 < 2. Then 
7713 < 7772 means that 7/73 < 1 which is a contradiction. Therefore there is no 
such dominant weight of the form Qi such that Kq^^^ = 1. 

Case 2 C^2 — ai+m2a2 + - ■ •+7n„_ia„_i+777,„a„, where nii > 2 for 2 < i < n—1. 

From the difference C2 ~ M — ("^2 — 1)ck2 + • • • + ('7i„ — 1)q;„ we obtain 
iS* — {a2, . . . , an} and then conclude that 3(8) = A„_i. Relabeling {a2, . . . , a„} 
as {«!, . . . , Q!„-i} we obtain p(C2) = 777,2ai + 70,302 + • • • + 7M„a„_i and = 
ai + • • • + ttn-i- We see that {p{(^2)',pitJ-)) is now a primitive pair. By Theorem 
El ^C2.A' = KpiC2).pM = 1 if and only if ^((2) = It^i = ^((n - l)ai + {n - 
2)a2 + • ■ ■ + Q!n-i) for some I. As above, this requirement allows us to conclude 
that {mi}l'^2 is a decreasing sequence. However, we find the same contradiction 
as above, and therefore -ft^ija.^i 7^ 1- 

Case 3 C3 = 777iai+r7i2Q;2 + - • •+77i„_iQ;„_i+Q;„, where 777.^ > 2 for 2 < i < n—l. 

From the difference Cs ^ A* ~ (^^i ^ l)ai + • • • + {rrin-i — I)a„_i we obtain 
iS* — {ai, . . . , Q!n-i} and then conclude that 0(5) = A„_i. Thenp(C3) — miai + 
7772 02 + • • • + 77i„_ia„_i and p{fi) = ai + ■ ■ ■ + «„-!. Again, (p(C3);p(a^)) is 
now a primitive pair. By Theorem 11.21 ^p(C,3)Mp) — ^Hs-p = 1 if and only if 
^(^3) IbJi = — l)ai + (77 — 2)q;2 + • • ■ + ctn-i) for some I. If this is true, 



true, then 
l{n~2) 

77-1 

l{n-2,) 

77—1 
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then the following set of equalities 

mi 

1712 



run-i 



This is equivalent to 

mi 



■mn-2 

By inequality (3) to„_i < 2to„ = 2, we conclude that to„_i = 2 since to„_i = 1 
implies m^ = 1 for all i by Sublemma 12.0.11 Then m.^ = 2{n — i) for all i and 
in particular mn-2 — 4. However, by (2), mn-2 + mn < 2m„_i which implies 
that 4 + 1 < 4, an obvious contradiction. Therefore there is no such dominant 
weight ^3 such that if^3,^ = 1, proving our claim. □ 

3 Nonprimitive pairs for Bn, n > 2 

In this case, recall that the highest short and long roots are /ui = ai + ■ • ■ + a„ 
and fi2 = cti + 2q;2 + 2q;3 + ■ • • + 2a„. Since we are restricting to the case that 
all roots are weights, we only need to find dominant weights C such that C, >- 1x2 
and consider nonprimitive pairs (C; /i^) for i — 1^2. Then we will determine for 
which of these weights K(^^^. = 1 for z = 1 or i = 2. 
We recall a result of for the Bn case: 

Lemma 3.0.2. Let X ~ miai + • ■ • m„a„ G A+(t/). If mi — 1, then either 
mi ~ 1 for I < i < n or mi > 2 for 2 < i < n. 

Lemma 3.1. For g of type Bn, the only highest weights C such that C, )^ ^2, 
(C; /ii) is nonprimitive and Kq^^. — 1 for i — 1 or i — 2 are 

1. Ci = Q!i + 2q:2 + m^a^, where m^ > 3 

2. C2 = + 2a2 + 3a3 + 3(14 + ■ • • + 3a„, n > 4 

3. Cs = 2ai + 2a2 + • • • + 2a„, n>2 

Proof. First we consider the case n = 2 and then show the result for n > 3. 
Case n = 2 



holds. 

I , 
n 

= -{n-2) 
n 

I 

n 

= (n - l)m„_i 
= 2m„_i 
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The weight C = toich +r7i2a2 is a dominant weight if and only if the foUowing 
inequahties hold: 



7712 < 2mi (1) 
mi < m2 (2) 

In this case /ii = ai + a2 and /i2 = + 2a2- Let C, = rriiai + 771202 be a 
dominant weight such that >- and (C; /^i) is not a primitive pair for i — 1 



or z = 2. Hence mi > 1, 7712 > 2 and one of the following equalities must hold: 
(a) mi = 1 or (b) 7712 — 2. 

(a) First consider mi = 1. By the inequalities above and the fact that 
^ ;^ /i2j we have m2 = 2. Thus C = M2, which is ruled out. 

(b) Let 777,2 = 2. By the inequalities above, 777,1 = 1 or mi = 2. If mi = 1, 
we have case (a), so let mi = 2. Then C = 2ai + 2a2 and the pair (C; /ii) is 
primitive while (C;A'2) is nonprimitive. From the difference C — /i2 = ai, we 
observe that S = {ai} and g{S) = Ai. The projection p : fl — > g{S) gives 
p{() = 2ai and ^(^2) = cti- Thus by Lemma [TTSl i^c,A'2 = 1- This is Cs above 
for 77 = 2. 

Case n > 3 

For ^ = 777iq;i + • • • + 777„a„ a dominant weight, the following inequalities 
must hold: 

7772 < 2777,1 (1) 
777i_l + 7?7i-|_l < 2777i for 7 = 2, . . . , 77 — 1 (2) 
777„_l < 777„ (3) 

We find all dominant weights C = 777iai + • • • + 7?7„q;„ such that C 
and (^; /Xi) is not a primitive pair for either 7 = 1 or 7 = 2. If ^ is a dominant 
weight such that (C;Mi) is a nonprimitive pair, then mi = 1 for some i. If C 
is a dominant weight such that (^; /X2) is a nonprimitive pair, then 7711 = 1 or 
777,1 = 2 for 7 = 2, . . . , 77, or both. Once wc have found all such C, we will then 
find i^c,Pi- 

Since ( — miui + • • • + mnUn >- /i2 we have (*) 7r7i > 1 and 777^ > 2 for all 
7 = 2, . . . , 77. 

Lemma 3.0.3. Let mi = 2 for some 7 > 3, then mi — 2 for 7 = 2, . . . , 77. 

Proof. By (2), 777,^-1 + mi^i < 2mi — 4. Then if 777^-1 > 2 it must be that 
777i_i = 3 and mi+i — 1 which contradicts Sublemma 13.0.21 Thus 777^-1 = 
777i+i = 2. By induction on (2) then mi = 2 for 7 = 2, . . . , ?7. □ 

If (C;Mi) is a nonprimitive pair with >~ fi2, then 7771 = 1. By inequality 
(1) and the fact that 7r72 > 2, we conclude that 7r72 = 2. Then ( — ai + 2a2 + 
m^as + • • • + 7n,„Q!„. If 777^ = 2 for some i = 3, ... ,77, then by the previous 
sublemma mi — 2 for all i = 3, . . . , 71 which means that C = /i2, which we have 
ruled out. Hence mi > 3 for i = 3, . . . , 77. We have proved the following: 



10 



(a) If ((^; fii) is a nonprimitive pair with C >- /i2, then = ai + 1ai + 771303 + 
• • • + m„a„, where > 3 for i > 3. 

We turn our attention to [ii and find those dominant weights C such that 
C, >- \Ji.2 and (C; [i-i) is not a primitive pair. We may assume that ra\ > 2 for if 
mi = 1 then C hes in the hst (a) by the argument above. 

If mi > 2, >- 112 and (C; /i2) is not a primitive pair, then = 2 for some 
i > 2. If i > 3, then C = /i2 by the sublemma above, but this is ruled out. Hence 
m2 = 2 and from (2) it foUows that 2 + 7713 < mi + m3 < 2m2 = 4. This imphes 
1^3 ^ 2 but m3 > 2 since C ^ M2- We conclude that m3 = 2 and mi = 2. From 
the sublemma above we obtain 

(b) If (C; fi2) is a nonprimitive pair with C, )~ ^,2, then either ^ lies in the list 
(a) or ^ = 2ai + 2a2 + ■ • • + 2a„. 

Thus we conclude that if C >- /i2 is a dominant weight with (C; /ii) or ^2) 
nonprimitive, then by (a) and (b) we have two cases to consider. In the second 
case we consider only (C; /i2). 

C = ai + 2q:2 + m3a3 + • • • + m„a„, m^ > 3 for i > 3 
C = 2ai + • • ■ + 2a„ 

Case 1 C, — ai + 2a2 + m3a3 + • • ■ + m„a„, where m^ > 3 for i > 3. 

First consider the nonprimitive pair (C; /ii). From the difference C^/^i = 0^2+ 
(m3 — 1)q:3 + - • • + (m„ — l)a„, we obtain S — {a2, ■ ■ ■ , an} and thus g{S) = B„_i 
by comparing Dynkin diagrams. Relabeling {a2, ...,«„} as {ai, . . . , Q!„_i} 
yields p{() = 2ai + 7n^a2 + • • • + m„a„_i and p{^I,l) = ai + • • ■ + a„_i. By 
Theorem [Ol ifp(c),p(Aii) = -^C.A'i 1 implies that p(^i) = Z]i<j<n-i "i'^M 
where G Z+ is even. However, p{p-i) = wi, so ai = 1 is not even. Therefore 

We next consider the nonprimitive pair (C; /^2)- From the difference C~M2 = 
(m3 — 2)a3 + - • • + (m„ — 2)ara we see that S = {as, . . . , q;„}. We need to consider 
two subcases: n 3 and n > 4. 

Subcase n = 3 

Here 0(5*) = Ai. Relabeling {a^} as {ai}, we obtain p{() = m3ai = 2msUJi 
and p{ii2) = 2ai = 4wi. By the Ai case of Theorem 11.21 -^p(c),p(^2) = 1 if 
= Iloi and p{p-2) = o-'-^i where / — a e 2N. Thus /i2 has multiplicity one if 
2m3 — 4 e 2N, which holds for m3 > 2. However, if m3 = 2, then C, = /i2, which 
is ruled out. Hence for m3 > 3, (C;M2) is nonprimitive and K^^fj^^ = 1- Define 
C = Ci in this case. 

Subcase n > 4 

Here 0(5) = B„-2 since the Dynkin diagrams are the same. Relabeling 

{a3, . . . , an} {ai, . . . , an-2} we obtain p{C) = m^ai + m4a2 H h m„a„_2 

and p{^Ji2) = 2ai + • • • + 2a„_2 = 2wx. 

We use the i?„ case of Theorem 11.21 to determine if Kp(^Q ,p(^^.^-^ = — 1j 

namely if p(C) = l^i, ^(^2) = H\<i<n-2 "i^^' where e Z+, even and {i-\) = 
Ei<j<„-3 + - 2)a„_2/2. 
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Since p{n2) — it follows that ai — 2 and = for all other i ^ 1. Thus 
I = 3 and then for -?^p(c),p(At2) = 1 we must have p{Q = lu>i = 3ai + • • ■ + 3a„_2; 
that is, mi = 3 for alH = 3, . . . , n. Thus in this case, the only dominant weight 
( such that K^,fj_2 = 1 is C = C2 = + 2a2 + 3a3 + 3q!4 + • • • + 3q!„. 
Case 2 C = C3 = 2ai H + 2q!„, n > 3. 

From the difference C — = we observe that S — {ai} and 0(5") ^ Ai. 
Thenp(C) = 2ai andp(^2) = "i- By Lemma[T31 Kp(^Q^p(^^^^ = -^^201,0:1 =1- □ 

4 Nonprimitive pairs for C„, n > 3 

In this case recall that iii — ai + 2ai + • • • + 2q!„_i + and /i2 = 2ai + 2q;2 + 
■ • ■ + 2a„^i + q;„ are the highest short and long roots. 

Lemma 4.1. For g of type Cn, there are no highest weights ^ such that ( >- ^2, 
(C; /ii) is a nonprimitive pair and Kq^^^ — 1 /or i — 1 or i — 2. 

Proof. Let us first consider the case n = 3 and then we will investigate the 
general case for n > 4. 
Case n = 3 

Here — ai + 2a2 + as and ^2 — 2ai + 2a2 + as and we let ( ~ miui + 
m2Q;2 + m^as >- fi2, which implies (*) mi > 2, 7712 > 2 and 7713 > 1. If fii) is 
a nonprimitive pair for i = 1, 2, then one of the following must hold: (a) ttii = 2, 
(b) 7772 = 2 or (c) 7773 = 1. Recall first that is a dominant weight if and only 
if the following inequalities hold. 



We consider each of the cases above to determine nonprimitive pairs, 
(a) Suppose that mi = 2. Then by (1) m2 < 2mi — 4 and by (*) m2 > 2, 
so therefore m2 = 2, 3 or 4. 

(i) If m2 = 2, then (2) gives 2 + 27773 = f^i + 27773 < 2m2 — 4 and (3) gives 
2 = m2 < 2m3, together yielding m3 — 1. Then ( = fj,2, which is ruled 



(ii) If m2 = 3, then by (2) 2 + 2m3 = mi + 2m3 < 2m2 = 6 and by (3) 

3 = m2 < 2m3, giving m3 = 2. Then — 2ai + 3a2 + 2a3, a candidate. 

(iii) If 7772 = 4, then by (2) 2 + 2m3 = 7771 + 2m3 < 2m2 = 8 and by (3) 

4 — m2 < 2m3. We conclude 2 < m3 < 3. Then ( = 2a\ + 4a2 + 20:3 or 
C = 2ai + 4a2 + 3a3, both candidates. 

(b) Suppose that m2 = 2. By (2) mi + 27773 < 2m2 = 4 and by (*), mi > 2 
and ms > 1, forcing the inequalities to be equalities. We conclude that C = M2, 
which is ruled out. 



7772 < 2mi 
mi + 2m3 < 2m2 
m2 < 2m3 



(1) 
(2) 
(3) 



out. 
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(c) If ma = 1, then by (3) ma < 2m3 = 2 and by (*) m2 > 2. Thus ma = 2. 
By (2) we see that mi < 2 and equahty holds by (*). Again we find that C, = /i2, 
which is ruled out. 

Note that if C is a dominant weight such that C >- /i2, then (C;/^i) is a 
primitive pair by (*) and cases (b) and (c) above. By the discussion above the 
only dominant weights C such that C >~ ^'■2 and (C; 112) is not a primitive pair are 

C = Ci = 2ai + 3a2 + 2a3 
C = C2 = 2q:i + 4q:2 + 2a3 
C = Cs = 2ai + 4q:2 + 3a3 

We will show for i 1, 2, 3, that Kc_.^^^ ^ 1. 

From the difference Ci~M2 — a2+«3, we obtain S — {a2, a3} and q{S) = B2. 
Then relabeling {a2,ck3} as {02, ai} yields p(Ci) = 2ai + 3a2 and p(n2) = 
ai+2a2- By Theorem ll.2[ for a Lie algebra of type ^2, -f'^Ci,A'2 = ^p{Ci),p{f^2) — ^ 
if and only if p{Ci) = Iloi and p{p-2) = aitJi + 02^2 where a.; G Z_|_ are even and 
(/ — 1) = oi + a2- In our case, p(y^2) = 2aj2 and hence I — 3. Then for /X2 to 
have multiplicity one, _p(Ci) = 2ai + 3a2 = 3aJi = 3(q!i + 02), which is false. 
Therefore Kq^^^j^^ ^ 1. 

From the difference C2 — = 2a2 + as, we obtain 5* = {a2, 0:3} and q{S) = 
B2 as above. Then relabeling {02,03} as {02, ai} yields p(C,2) — 2ai +4a2 and 
p{fJ-2) = Oil +2a2- We are in the same case of Theorem ll.2l as for (i where I = 3. 
Then for fi2 to have multiplicity one, p(C2) = 2q!i + 4q;2 = 3cji = 3(ai + 02), 
which is again false. Therefore ^^^2-^2 7^ 1- 

From the difference C3 — M2 = 2a2 + 2a3, we obtain S = {a2, as} and g{S) = 
B2 as above. Then relabeling {a2,ck3} as {a2,Q!i} yields piCs) = 3ai +4a2 and 
p{^J'2) ~ ai + 2ct2. Again, we are in the same case of II. 21 as for ^1 where I — 3. 
Then for /X3 to have multiplicity one, p(C,z) = 3q!i + 4a2 = 3(jJi = 3(ai + 02), 
which is again false. Therefore -^^^3,^2 7^ 1 ^-iso. 

Thus, in the case n = 3, there are no dominant weights C such that (C; /i2) 
is a nonprimitive pair and ^^'^.^2 = 1- 
Case n > 4 

If ^ = miai + - • ■+m„a„ is a dominant weight, then the following inequalities 
must hold. 

m2 < 2mi (1) 
mi_i + mi4_i < 2mi, i = 2, ...,71 — 2 (2) 
m„_2 + 2m„ < 2m„_i (3) 
m„_i < 2m„ (4) 

Since we also assume C, )^ ^2, the following inequalities must hold as well: (*) 
rrii > 2 for i = 1, . . . , n — 1 and m„ > 1. For C, such that (C; /i^) is not a primitive 
pair, 1 = 1,2, at least one of these inequalities must be an equality. 

Lemma 4.0.4. // m.; = 2 for some i — 2, . . . ,n — 1, then m^ = 2 for all 
i = 1, . . . , n — 1 and m„ = 1. 
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Proof. Suppose that rrii — 2 for some i — 2, ... ,n — 2. Then by inequahty 
(2) and (*), rrii-i = ^i+i = 2. We continue by induction on (2) and find that 
nii = 2 for i = — 1. If m„_i — 2, then by (3) m„_2 + 2m„ < 2m„_i — 4. 

By (*) we know that to„-2 > 2 and m„ > 1, and it follows that to„_2 = 2 and 
m„ = 1. We now apply the first part of the argument to conclude that = 2 
for i = 1, . . . ,n — 1. □ 

If C is a dominant weight such that C M27 then we show that (C;/^i) is 
primitive and {C,; ^2) is nonprimitive only if mi = 2. By Sublemma 14.0.41 if 
rrii = 2 for some i = 2, . . . , n — 1, then mi — 2 for i = 1, . . . , n — 1 and m„ = 1. 
It follows that C, — fi2, which is ruled out. Similarly, if m„ = 1, then by 
inequality (4) and (*) we obtain m„_i = 2. From Sublemma 14 . . 41 we conclude 
that C = fj,2, which is ruled out. Hence (C; fJ-i) is a primitive pair. Thus the only 
case left to consider is when mi = 2. 

If C and {C; 112) is nonprimitive, then the previous paragraph shows 

that C = 2ai + m2a2 + ■ ■ • + mnC^n where rrii > 3 for i = 2, . . . , n — 1 and 
m„ > 2. We show that if(;.;t2 7^ 1- 

From the difference C ^ A*2 = (^2 ^ 2)a2 + • • • + (m„^i — 2)q;„_i + (to„ — l)a„ 
we find that S — {a2, •■•,««} and q{S) = C„_i since n > 4. Relabeling 

{a2, . . . , an} as {ai, . . . , Q!„_i} wc &ndp{() = TO2aiH |-m„a„_i andp(^2) = 

2ai + • • • + 2q!„_2 + Q!„_i. Thus (p(C);p(/i2)) is a primitive pair for a Lie 
algebra of type C„_i. By Theorem 11.21 there are no primitive pairs for C„ 
such that the weight has multiplicity one. Therefore i^^.^a 7^ 1- And finally we 
conclude that there are no dominant weights C with (C; /^2) a nonprimitive pair 
and -ftr(;,p2 = 1- n 

5 Nonprimitive pairs for D^, n > 4 

In this case recall that = ^2 = ^J■ = cti + 2a2 + • • ■ + 2a„_2 + an-i + an is 
the highest short and long root since all roots are the same length. We find all 
dominant weights C such that C M and (C; fi) is not a primitive pair. Then we 
calculate K(^^f^. 

Lemma 5.1. For g of type D^, the only highest weights C such that )^ fi, 
(C; /i) is not a primitive pair and K^,^ = 1 are 

1. for n = 4 

Ci = ai + 2q:2 + 2a3 + 04 
C2 = + 2q:2 + 0:3 + 2a4 
= 2ai + 2a2 + as + 04 

^. /or n > 5 C4 = 2ai + • ■ • + 2a„_2 + Q;„-i + 

Proof. First we consider the case n — A and then show the general result. 
Case n = 4 
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In this case /i = ai + 2a2 + 0:3 + 04. The weight C — ra\a\ + 771202 +^-303 + 
771404 is a dominant weight if and only if the following inequalities hold. 



7712 < 27?ll (1) 

77I1 + 7^3 + 7714 < 27r72 (2) 

7712 < 277I3 (3) 

77l2 < 27714 (4) 

For ^ such that C ^ M ^^^d (<^; /i) is not a primitive pair we have (*) 7711 > 1, 
^712 > 2, m3 > 1 and 7M4 > 1. Hence at least one of the following must hold: (a) 
7711 = 1, (b) 7712 = 2, (c) 7713 = 1 or (d) 7714 = 1. We consider each case. 

(a) If m\ — 1, then 7R2 = 2 by (1) and (*) and 7^3 + 7rj4 < 3 by (2). Hence 
we have one of the following three cases: 7)13 = 7714 = 1, 7713 = 2 and 7714 = 1 or 
7713 = 1 and 7714 ~ 2. The corresponding weights are respectively C, = [i, which 
is ruled out, C = Ci = Q^i + 2o2 + 203 + 04 and C = C2 = cti + 2a2 + 03 + 204, 
respectively. 

(b) If 7772 = 2 then 7711 = 1 or tjii = 2 since 7711 < 2 by (2). If m\ = 1, 
we have the previous case, so let irii — 2. Then by (2), 7)13 — rui — 1 and 
C — Cs — 2oi + 2o2 + 03 + 04. 

(c) and (d) If either 7713 = 1 or 7^4 = 1, then 7M2 = 2 by (3) or (4) respectively 
and (*). Then we have ( as in the previous cases. 

Thus for 71 = 4 we have 3 dominant weights ( such that (C; /i) is not a 
primitive pair: 

C = Ci = oi + 2o2 + 203 + 04 
C = C2 = 01 + 2o2 + 03 + 2o4 
C = C3 = 2oi + 202 + 03 + 04 

In each case the difference Q — yields S = {oi} and g{S) = A\. Then 
= 2oi and p(^) = oi. By Lemma ll.51 we conclude that J^Ci-M = 1 each 

case. 

Case n > 5 

For C = 77iiai + ■ • ■ + TTinan a dominant weight in this case the following 
inequalities must hold: 

7ri2 < 2mi (1) 
rrii^i + rrii+i < 2mi, i — 2,...,n — 2> (2) 

771„_3 + 771„_l + 771„ < 2771„^2 (3) 
771„_2 < 277l„_l (4) 
"ln-2 < 2771„ (5) 



We show that the following are the only dominant weights C = 7rjiai + - • •+7ri„a„ 
such that C M ^-iid (C; is a- nonprimitive pair. Then we consider Kq^^ in 
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each case. 



C = Cl = 2al^ V- 2q!„_2 + "n-l + 

C, = C,2 = OLi + 2^2 + 3q;3 + m^ai + ■ • • + ninOim with > 3, i = 4, . . . , n — 2, 
and mi>2, i = n — l,n 

Note that a dominant weight C such that C M ^-iid (C; /i) is a nonprimitive 
pair must satisfy (*) mi > 1 for i = 1, n — 1, n and > 2 for i = 2, . . . , n — 2 
with at least one of these inequahties an equahty for i = 1, . . . , n. We consider 
each case below. 

Lemma 5.0.5. Suppose that rrii — 2 for some i, i — 3, . . . ,n — 2, then mi — 2 
for all i — 2, . . . ,n ^ 2. 

Proof. Suppose that = 2 for some i — 3, ... ,n — 3. Then by (2), m^-i + 
Ti.j+i < 4, but r7ii_i > 2 and mi+i > 2 by (*) and therefore mi^i — m^+i = 2. 
By induction on (2), = 2 for i = 2, . . . , n — 2. If r7i„_2 = 2, then by (*) 
and (3) 2 + m„_i + m„ < to„_3 + m„_i + m„ < 2m„_2 = 4. This implies 
that m„_i = m„ = 1 and m„_3 = 2. By the previous case = 2 for 
i = 2,...,n-2. □ 

Case m„_i = 1 or m„ = 1. 

If m„_i = 1, then by (4) and (*), to„_2 = 2 and by (3) and (*), we have 
TO„_3 = 2 and to„ = 1. Similarly, if r7i„ — 1, then we conclude that m„_i = 1 
and m„_3 = 2. It now follows from Sublemma l5.0.5l that if m„^i = 1 or m„ = 1 
then m„_i = m„ = 1 and = 2 for i = 2, . . . , n — 2. 

From (2) we see that mi < 2 since mi + 2 = mi + m^ < 2m2 = 4. Hence 
either mi = 1, in which case C. = fi, which is ruled out, or mi ~ 2 for which 
^ = ^1 = 2q!i + 2a2 + • • • + 2a„_2 + ctn-i + Then (^i is a dominant weight 
such that (Ci; fJ-) is not a primitive pair. 
Case mi — 2 for some i = 3, . . . , n — 2. 

Then by Sublemma 15.0.51 mi = 2 for alH = 2, . . . , n — 2. By (3) m„_i = 
m„ = 1 and wc have the same result as in the previous case. 
Case m2 = 2. 

If m3 = 2 also, then wc have the previous case, so we may assume that 
mi > 3 for i — 3,...,n — 2. We show that there exists a dominant weight 
C,2 distinct from the previous weight Ci such that is nonprimitive. By 

(4) 3 < m„_2 < 2m„_i and by (5) 3 < m„_2 < 2m„, giving m„_i > 2 and 
m„ > 2. By (2) we have mi +m3 < 2m2 = 4, but we also know that m^ > 3 and 
therefore mi — 1 and m^ = 3. Thus C2 = cti + 2a2 + 3a3 + m4Q!4 + • • • + m„an 
is a dominant weight such that (^2 ! A*) is not a primitive pair if m^ > 3 for 
t = 4, . . . , n — 2 and m^ > 2 for i — n — l^n. 
Case mi = 1. 

By (1) and (*) m2 — 2 and we have the same result as in the previous case. 
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Thus the following are the only 2 dominant weights C such that (C; /i) is not 
a primitive pair: 

C = Cl = 2q!i H + 2a„_2 + "n-l + 

^ = ^2 = «! + 2q!2 + 3a3 + 77i4a4 + ■ • • + mna„, with > 3, i = 4, . . . , n — 2, 
and rni>2, i = n — l,n 

We find ATijj,;^ in each case. 

From the difference (i — /j, = ai, we see that S — {ai} and 2{S) = Ai. Then 
p(Ci) = 2ai and p(^) — ai and by Lemma [L5l = 1- Note: this is C4 of 

Lemma |5. 11 which is the same as C3 for n = A. 

Next we consider C2, first for the case n = 5. In this case, C2 = c^i + 2q!2 + 
80:3+771404+771505, where 7714 > 2 and 7715 > 2, and /i = 01+202 + 203+04+05. 
The inequality (3) gives 2 + 7774 + 7715 < 27773 = 6 and we conclude then that 
the only possible values for 7774 and 7715 are 7774 = 7775 = 2. In this case C2 = 
oi + 2a2 + 3o3 + 2o4 + 205. 

From the difference C2 — /i = 03 + 04 + 05 we see that S — {03,04,05} 
and through the relabeling {03,04,05} as {02,01,03} we find q{S) = A3. 
This yields ^((2) = 2oi + 3o2 + 203 and p(^) = oi + 2o2 + 03. We see that 
{p{C,2)]p{n)) is a primitive pair and we can now apply Theorem 1 1.21 to determine 
if ^C2,M = ^p{Ci)M = 1- According to this result, if -fsTpj^^^) p(^) = 1, then 
p{C2) = ^wi. Hence p{C,2) = 2oi + 3o2 + 203 = |(3oi + 2o2 + 03) for some 
positive integer I. However, there is no such / and therefore J'^fa.M 7^ 1- 

Next, consider 77 > 6. From the difference C2 ~ A* = c^s + (jn^ — 2)04 + • • • + 
(77i„ — l)o„ we observe that S = {03, . . . ,o„} and since 77 > 6, the Dynkin 
diagram gives q{S) ^ -Dri-2- Relabeling {03, . . . , o„} as {oi, . . . , o„_2} we 
obtain p{C2) — 3oi + 771402 + • ■ • + 777„o„_2 and = 2oi + • • ■ + 2a„_4 + 
o„_3 + o„_2- We see that {p{(^2)'■,p{^J■)) is a primitive pair in Dn-2, but by 
Theorem 11.21 we also observe that there are no primitive pairs (C; in Dn-2 
such that K(^^fj, = 1, therefore ^^^2,^1 7^ 1- D 

6 Nonprimitive pairs for 
6.1 Nonprimitive pairs for Eq 

In this case, recall that pi = p2 = 1^ = cti + 2o2 + 203 + 804 + 205 + og is the 
highest root. 

Lemma 6.1. For q of type Eg there are no highest weights C with Q )^ ^ and 
/i) a nonprimitive pair such that K^^^^ = 1. 

Proof. Recall that any dominant weight C, = 7771O1 + • • ■ + mgaQ must satisfy 
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the following: 



mi + TO4 < 2m3 
W2 + m3 + TO5 < 2m4 
m4 + rriQ < 2m5 



7713 < 2mi 
TO4 < 2m2 



(1) 
(2) 
(3) 
(4) 
(5) 
(6) 



Note that C ^ yields the following inequalities for ( ~ miai + • • • + niQae: 
(*) TOj > 1 for i = 1, 6, TOj > 2 for 2 = 2,3,5 and m4 > 3. In addition, if ( is 
a dominant weight such that (C; fi) is not a primitive pair, at least one of the 
inequalities will be an equality for some i. We consider each of these cases. 
Case 1 Suppose that mi = 1. By (1) and (*) nis = 2 and by (3) 1 + 7714 < 4, 
thus by (*), 1714 = 3. By (4), m2 + 2 + 7715 < 2?7i4 = 6 which with (*) implies 
that 7712 = 7?i5 — 2. Lastly, by (5), me = 1. Thus if ?77i = 1, then C = /i, which 
is ruled out. 

Case 2 Next, suppose that r?72 = 2. By (2) 7774 < 4, so 7*74 = 3 or 7^4 = 4 by 
(*). If 7774 = 3, then by (4) and (*) we conclude that 7r72 = 7/13 = = 2, which 
implies that r77i = 1 by (3). Again, me = 1 by (5) and we find that — fi, 
which is ruled out. 

Let 7774 = 4. By (3) we have ttii + 4 < 27773 and by (5) 4 + 7775 < 27775 
which give 7773 > 3 and 7)75 > 3. Inequality (4) yields 7773 + 7775 < 6 and thus we 
conclude that 7773 = 7775 = 3. Note that 7774 = 2 follows from (1) and (3). Also, 
7776 = 2 by (5) and (6). Thus ^ = Ci = 2ai + 2a2 + 3a3 + 4a4 + Sa^ + 2ae is a 
dominant weight such that ((^1; /i) is not a primitive pair. 

Case 3 Suppose that 7713 = 2. By (3) and (*) 7711 = 1 and 7774 = 3. Therefore 
we are in the first case considered and C = /7, which we have ruled out. 
Case 4 Suppose that 7774 — 3. Then by (2), 7712 > 2, but by (4) and (*), 
7772 = ms = 7775 = 2. As seen above, if 7^2 = 2, then C, = 11 or = (^i, however 
the identity m^ — 3 yields only C = /i, which is ruled out. 

Case 5 Suppose that 7775 = 2. By (5) 7774 + m^ < 4, and thus m^ = 3 and 
7776 = 1 by (*). We are now in the previous case. 

Case 6 Suppose that TTig = 1. Then by (6) and (*) 7775 = 2 and we are in the 
previous case. 

From the above, we conclude that C = 2q;i + 2q;2 + 3q!3 + 4a4 + 3a5 + 2ae is 
the only dominant weight such that (C; /u) is a nonprimitive pair. We will show 
that X^,^ ^ 1. 

From the difference — = ai + as + + + ae we observe that S = 
{ai, q;3, q;4, as, ae} and by considering the Dynkin diagram of Eq, we see that 
g{S) = A^. Relabeling {ai, 03, 0:4, 0:5, ae} as {ai, 02, 0:3, 04, 0:5}, we obtain 
p{C) — 2ai + 3a2 + 4q;3 + 3a4 + 2a5 and p{fi) = ai + 2q;2 + 3a3 + 2q;4 + a^. 
We notice that (p(C);p(^)) is a primitive pair and therefore we apply Theorem 
11.21 to determine if = 1- In the case, if ^p(f),p(;i) = 1, then 
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p{C) = luji = ^ (5q;i + 4q:2 + 30:3 + 2a4 + a^) for some positive integer I. Clearly, 
there is no such I and therefore -ft^^,/* 7^ 1- □ 

6.2 Nonprimitive pairs for E-j 

In this case, recall that /Ui = /i2 = M = 2q;i + 2a2 + Sas + 4a4 + 3a5 + 2aQ + ay 
is the highest root. 

Lemma 6.2. For q of type Ej there are no highest weights C with C y jJ, and 

(^; fi) a nonprimitive pair such that Kq^^j, = 1. 

Proof. Recall that any dominant weight Q = miai + ■ ■ ■ -\- mrar must satisfy 
the following: 

777-3 < 27Tli (1) 
7774 < 27772 (2) 

mi + 7714 < 2m3 (3) 

m2 + m3 + 77i5 < 2m4 (4) 

7714 + me < 2m5 (5) 

+ m-i < 27776 (6) 

7776 < 27777 (7) 

Note that C ^ yields the following inequalities for ( = rriiai + ■ — hmyay: (*) 
777i > 2 for 7 = 1,2, 6, 777^ > 3 for i = 3, 5, 7774 > 4 and 7777 > 1. In addition, if ^ 
is a dominant weight such that (C; At) is not a primitive pair, at least one of the 
inequalities will be an equality for some i. We consider each of these cases. 

We show that the inequalities above can be satisfied for C >- ^, {(: fi) a 
nonprimitive pair, only if = Ci = 2q;i + 3q;2 + 4q;3 + 60:4 + Sas + 4a6 + 2q;7 or 
C = C2 = 2ai + 3a2 + 4a3 + 6a4 + Sas + 4a6 + 3a7. We then show that Kq^^ ^ 1 
for 7 = 1,2. 

Case 1 Suppose that ttii = 2. By (1) and (*) rris = 3 or 7773 = 4. 

First suppose that mz = 3. By (3) 2 + 7714 < 6 and combined with (*), we 
conclude 7774 = 4. Inequality (4) then gives 7772 + 3 + 7715 < 8 and since 7712 > 2 
and 7775 > 3 by (*), these are in fact equalities. From (5) and (*), we see that 
7776 = 2 which means that 7777 = 1 by (6). Thus if 777i = 2 and ms = 3, then 
C = Mi which is ruled out. 

Now let 7773 = 4. By inequality (3) 2 + 7774 < 8, giving 7774 < 6. By (*) 
7774 > 4. We consider each case tti = 4, 5, 6 individually. 

m4 = 4 Inequality (4) and (*) give 2 + 4 + 3 < 7772+ 7773 + 7775 < 2m4 = 8, an 
obvious contradiction. Therefore, 7774 7^ 4. 

m4 = 5 By (2) 5 = m4 < 2r772 and thus 7712 > 3. Also, by (5) and (*), 5 + 2 < 
7774 + 7776 < 27715, SO 7775 > 4. We get a contradiction by (4) since then 
3 + 4 + 4 < 7772 + + 1715 < 2m4 = 10. Therefore, rrii ^ 5. 
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m4 = 6 We consider the inequalities in the case TO4 = 6 where ros = 4 and mi = 2. 
We show that ^ = Ci or = (^2 as hsted above. 

(a) 7712 > 3 

This follows from (2) since m4 = 6. 

(b) m5 = 5 

From (a) and (4) we have 7+TO5 < 1712+1713+1715 < 2to4 — 12. Hence 
7715 < 5. If 7775 < 4, then by (5) we have G+tuq = 7774+7)7-6 < 27/7-5 £ 8, 
which implies ttiq < 2. By (*) 77if; > 2, and hence 7775 = 2 and 7775 = 4. 
By (6) we obtain 4 + my = 1715 + TUr < 2m% = 4, which is impossible. 
Hence m5 = 5. 

(c) m2 = 3 

From (4) and (b) we have m2 + 9 = 7712 + + < 2m4 = 12. 
Hence m2 < 3 and equality holds by (a). 

(d) me = 4 

Prom (5) and (b) we have 6 + me = m4 + me < 2m5 = 10, which 
implies me < 4. If me < 3, then by (6) and (b) we have 5 + my = 
ms + my < 2m6 < 6. This implies my < 1, and equality holds by 
(*). This imphes that me = 3, but by (7) we have me < 2my = 2. 
This contradiction shows that me = 4. 

(e) my = 2 or 3 

By (7) and (d) we have 4 = me < 2my, which implies that my > 2. 
By (6), (b) and (d) we have 5 + my = m5 + my < 2m6 = 8, which 
implies that my < 3. 

We then have 2 dominant weights Q such that (C*; A*) are not primitive pairs: 
Ci = 2ai + 3a2 + 4q;3 + 604 + 5a5 + 4a6 + 2ay and (2 = 2ai + 3a2 + 4a3 + 

6q!4 + 60:5 + 4ae + Say. 

Case 2 Suppose that m2 = 2. Then by (2) and (*) 4 < m4 < 2m2 = 4, so 
m4 = 4. By (4) and (*), 2 + 3 + 3 < m2 + ms + < 2m4 = 8, which results in 
fns = 1^5 = 3. Then by (3) and (*) 2 + 4 < mi + m,4 < 2m3 = 6 and therefore 
mi = 2. We are now in Case 1 with ma = 3, but this was ruled out. 
Case 3 Suppose that ms = 3. By (3) and (*) 2 + 4 < mi + m4 < 2m3 = 6, and 
hence mi = 2 and m4 = 4. We are again in Case 1 with ms = 3, which was 
ruled out. 

Ccise 4 Suppose that m4 = 4. By (4) and (*) 2 + 3 + 3 < m2 + ms + m5 < 
2m4 = 8, yielding m2 = 2, ms = 3, and m5 = 3. We are now in Case 2, which 
was ruled out. 

Case 5 Let m5 = 3. By (5) and (*) 4 + 2 < m4 + me < 2m5 = 6, and hence 
m4 = 4 and me = 2. We are now in Case 4, which was ruled out. 
Case 6 Let me = 2. Then by (6) and (*) 3 + 1 < m5 + my < 2me — 4, yielding 
the equalities m5 = 3 and my = 1. We are in Case 5, which was ruled out. 
Case 7 Let my = 1. By (7) and (*) 2 < me < 2my = 2 which implies that 
me = 2. Again, we fall into the previous case which was ruled out. 

Thus, the only two dominant weights ( such that C > n and [Q; jj) is not a 
primitive pair are C,\ and ^2 as in Case 1. We now consider K(^^^n in each case. 
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From the difference Ci" = a2+a3+2a4+2a5+2a6+«7 we observe tliat S = 
{a2, as, q;4, Q!5, ae, ar} and by considering the Dynkin diagram of Ey, we see that 
q{S) = Z^e- Then relabeUng {02, as, a;4, as, ae, ay} as {ae, as, ^4, aa, 02, ai}, 
we obtain = 2ai +4a2 + 5a3 + 6a4 + 4a5 + 3a6 and = ai + 2a2 + 3a3 + 
4a4 + 3a5 + 2a6. Then is a primitive pair for Dg- By Theorem II .21 

for type Dq, there are no primitive pairs such that the dimension of the weight 
space is one, so therefore -ftT^i,^ 7^ 1- 

The case of ^2 is similar to the previous one. From the difference C2 ^ A* = 
a2+a3 + 2a4 + 2a5 + 2a6 + 2a7 we observe that again 5* — {a2, as, a^, as, ag, ay} 
and then 0(5*) = Dq. Then with the same relabehng {a2, aa, a4, as, ag, ay} as 
{ag, as, a4, aa, a2, ai}, we obtain ^(^2) = 3ai + 4a2 + Sas + 6a4 + 4as + 3a6 
and = ai + 2a2 + 3a3 + 4a4 + 3as + 2a6. Then (p(C2);p(/x)) is a primitive 
pair for Dq, and by Theorem 11.21 we conclude that Kq^,^ ^1. □ 



6.3 Nonprimitive pairs for Eg 

In this case, recall that fJ.i = fJ.2 — fJ' — 2ai + 3a2 + 4a3 + 6a4 + Sas + 4a6 + 
3a7 + 2ag. 

Lemma 6.3. For g of type Eg there are no highest weights ( >~ fj, such that 
/i) is a nonprimitive pair with K^.f^ ~ 1. 

Proof. Recall that any dominant weight C = miui + • • ■ + tosQ^s must satisfy 
the following: 

(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 

Note that C M yields the following inequalities for ^ = miai + • ■ • + mgag: 
(*) mi > 2 for « = 1, 8, TOi > 3 for i = 2, 7, mi > 4 for i = 3, 6, TO4 > 6 and 
ms > 5. In addition, if ^ is a dominant weight such that (^; fj,) is not a primitive 
pair, at least one of the inequalities will be an equality for some i. We consider 
each of these cases. 

Case 1 Let mi = 2. By (1) TO3 < 2mi — 4 and by (*) TO3 > 4, so we conclude 
that m3 ~ 4. By (3) and (*) it then follows that 2 + 6 < mi + TO4 < 2m3 — 8, 
resulting in TO4 = 6. We find m2 = 3 and ms = 5 by (*) and (4). From (5) and 
(*) we obtain mg = 4. From (6) and (*) we see that my ~ 3. By (7) and (*) we 
obtain mg = 2. Hence mi = 2 implies that C = /i, which is ruled out. 





m3 


< 


2mi 




m4 


< 


2m2 


mi - 


h m4 


< 


2m3 


m2 + ms - 


\- ms 


< 


2m4 


m4 - 


H mg 


< 


2m5 


ms - 


h my 


< 


2mg 


mg - 


1- mg 


< 


2m7 




my 


< 


2mg 
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Case 2 Let ma = 3. By (2) and (*) 1114 = 6. By (4) and (*) mg = 4 and 
7Ti5 — 5. By (3) and (*) we have nii — 2. By the first case C = /^i which is ruled 
out. 

Case 3 Let — 4. Then (3) and (*) force toi = 2 and TO4 = 6. By Case 1 we 
have — fi, which is ruled out. 

Case 4 Let 7714 = 6. Then (4) and (*) yield m2 = 3, TO3 = 4 and 7715 = 5. By 
Case 2, we have C = which is ruled out. 

Case 5 Let 7715 — 5. By (5) and (*) 7^4 = 6 and me = 4. By the previous case 
(^ = 1-1, which is ruled out. 

Case 6 Let mg = 4. By (6) and (*) 7775 = 5 and 7777 — 3. We are now in Case 
5. 

Case 7 Let = 3. By (7) and (*) 7r76 = 4 and 7773 — 2. We are now in Case 
6. 

Case 8 Let C >- /i be a dominant weight with ((^; /z) a nonprimitive pair and 
7778 = 2. Since the previous seven cases have been ruled out we may assume 
that 77ii > 3 , 7772 > 4, 7773 > 5, 7774 > 7, 7775 > 6, 7776 ^ 5 and 7777 > 4. It follows 
that {p{();p{p)) is a primitive pair, where S = {ai, . . . jUr}. Hence q{S) = 
by an inspection of the Dynkin diagram. However by Theorem 1 1.2 1 no primitive 
pairs (p(C);p(m)) with -?fp(c),p(M) = 1 exist for E7. 

Remark With further work one can show that the only dominant weight ( with 
C >- fJ', 7(78 — 2 and (C; /i) a nonprimitive pair is C = 4ai + 5a2 + 7q!3 + 10a4 + 
8a5 + 6a6 + 4q7 + 2a8. □ 



7 Nonprimitive pairs for F4 

Recall that in this case the highest short and long roots are /Zi = ai + 2a2 + 
3a3 + 2q!4 and ^2 ~ 2ai + 3q2 + 4q!3 + 20:4. 

Lemma 7.1. For g of type F4 there are no highest weights ^ such that C >~ M2, 
((^; /ii) is a nonprimitive pair and Kq,^^ — 1 /or 7 = 1,2. 

Proof. Recall that a weight C is a dominant weight if and only if the following 
inequalities hold: 

7772 < 2mi (1) 

7771 + 7773 < 27772 (2) 
27772 + 7774 < 27r73 (3) 

7773 < 27774 (4) 

Since Q >- ^2 the following inequalities must hold: (*) 7771 > 2, 7772 > 3, 
7773 > 4 and 7774 > 2. In addition if C is a dominant weight such that the pair is 
not primitive, at least one of the inequalities must be an equality. We consider 
each case. 

Case 1 Let mi = 2. Then by (1) and (*) 3 < 7773 < 4. 
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(a) If TO2 = 3 , then by (2) and (*) = 4. Then by (3) and (*) 7714 = 2. 
Hence C — which is ruled out. 

(b) If 7712 = 4, then by (2) 7773 < 6. By (3) nis > 5. Therefore 7713 = 5 or 
7713 = 6. If 7773 — 5 then by (3) 7774 = 2, resulting in a contradiction in 
inequaUty(4): 5 = 7*7,3 < 270,4 — 4. Hence — 6. Inequality (3) implies 
that 7714 < 4. By (4) 6 — 7773 < 270,4, which implies that 7774 = 3 or 7774 = 4. 

Thus in Case 1 there are two dominant weights Q such that Q >- ^2 and {Q] /12) 
is not a primitive pair, namely Ci = 2q;i + 4a2 + 603 + 3a4 and C2 = 2ai + 
4q;2 + 6a3 + 4q;4. 

Case 2 Let 702 = 3. Then by (2) and (*) mi = 2 and 703 = 4. We are in (a) of 
Case 1, which is ruled out. 

Case 3 Let 7773 = 4. Then by (3) and (*) 7772 = 3 and 7774 = 2. By (2) and (*) 
7711 = 2 and C = /i2, which is ruled out. 

Case 4 Let 704 = 2. By (4) and (*) we have 4 < < 2m4 — 4 and thus 
7713 = 4 as in the previous case, forcing — fi2, which is ruled out. 

Thus we have found two dominant weights Q such that {Q; ^2) is a nonprim- 
itive pair: 

^1 = 2q;i + 4q;2 + 6a3 + 3q;4 
C2 = 2ai + 4^2 + 6q;3 + 4q;4 

Next we show that K^.^^^ ^ 1 in each case. Note that by Theorem ll.2l X^, ^ 1 
since {Q; ^1) is a primitive pair for 7 = 1,2. 

From the difference Ci ~M2 = a2 + 2a3 + a4 we observe that S = {a2, 0^3, ct4} 
and by comparing Dynkin diagrams that q{S) = C3. Relabeling {Q;2,a3,Q;4} 
as {as, Q!2, ai} yields p(Ci) = Sai + 6a2 + 4q!3 and p{n2) = 2ai + 4a2 + 3a3. 
Now (p(^i);p(/i2)) is a primitive pair in C3 and by Theorem 11.21 there are no 
primitive pairs for C3 such that the weight space has dimension one. Therefore 

From the difference C2 ^ M2 = 0:2 + 2a3 + 2a4 we observe that again S = 
{a2,a3,Q;4} and 0(5*) = C3. Relabeling {a2,Q;3,Q!4} as {a3,a2,ai} yields 
p(C2) = 4ai + 6a2 + 4a3 and {112) = 2ai + 4a2 + 3a3. Now (p(C2);p(m2)) is a 
primitive pair in C3 and similarly by Theorem [L2] we conclude that K,^^^^^ ^ 1. 

Thus there are no dominant weights C, such that ((^; /i) is a primitive pair 
and Kc^^f, = 1 for F4. □ 

8 Nonprimitive pairs for G2 

Recall that the highest short and long roots in this case are /xi = 2ai + a2 and 
/i2 = 3ai + 2q!2. 

Lemma 8.1. For q of type G2, the only highest weight C, such that C !^ M2 o.'^^d 
(C; /ii) is nonprimitive for i = 1 or 2 is = Aai + 2q!2- In this case {C, \ fii) is 
primitive and (C; (12) is nonprimitive with Kq^^^^ ~ 1. 
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Proof. For C = miai+m2a2 to be a dominant weight, the following must hold: 



3to2 !i 2r7ii 
mi < 2to2 



(1) 
(2) 



We are looking for dominant weights C, >- ^2 such that {C, \ fii) is a nonprim- 
itive pair for i = 1 or 2. The condition C ^ implies that (*) nii > 3 and 
TO2 > 2, and hence (C;Mi) will be a primitive pair. We then restrict our dis- 
cussion to finding dominant weights C, )^ ^2 such that (C; ^2) is not a primitive 
pair. 

For C a dominant weight C = miai +771202 such that (C; /i2) is not a primitive 
pair, either mi — 3 or m2 = 2. If mi = 3, then m2 > 2 by (*) and m2 < 2 by 
(1). Hence m2 = 2 and C = which is ruled out. Thus we consider m2 = 2. 
In this case inequalities (1) and (2) yield either mi = 3 or mi = 4 . In the 
first case we again have C = /^2, which is ruled out, but in the second, we have 
C, = 4ai + 2q;2, and (C; /i2) is not a primitive pair. We consider -fC^.^a- 

From the difference C — /X2 = ai we see that S = {ai} and then q{S) = Ai. 
Then p{() = 4ai and p(/i2) = 3q!i. By Theorem 11.21 for a Lie algebra of type 
Ai, K^^f_,^ = Kp(0Mp2) = 1 if PiC) = 1^1, P{lJ-2) = aiwi where ai G Z+ and 
{I — ai) e 2N. In this case, p(/i2) = Sai = Gwi, so Z must be an integer such 
that (/ — 6) e 2N and p{C) = Iloi = |ai. Clearly I — 8 satisfies these conditions 
and therefore Kp^Q^pt^^^^) = -f'^C,A'2 = 1- ^ 
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